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The Dark Atom Model

 The dark atom model 1s made up of a bound state of a new heavy
lepton X-°" and n He?" nuclei.

« In this work, we study the structure of OHe atom since this will give us
insight 1nto its properties

Task

* To solve the stationary Schrodinger equation for an 1solated OHe
atom considering a finite sized He*" nucleus.

* We investigated this problem following the approach proposed by
Professor E. Oks 1n his work with alternative types of hydrogen
atoms.



Prof. Eugene OKks' approach

There are 2 known solutions of the Schrodinger equation set up for a particle in
a central potential field. These two solutions are characterized by different
behavior at small values of r. These are:

~ZVR(E) + V(r(r) = Bu(r)
R(r) ~ 1 R(r) = ,i
i+l
The regular solution The singular solution

Clearly there's a problem with a diverging wave function at r=0 for the singular
solution. This solution can still be normalised if we take 1=0.



Finite nuclear size

Considering a finite size He?* nucleus and solving a system
of equations for the interior and exterior regions allows us to

get rid of the divergence at r=0.

Professor Oks showed that the potentials inside the nucleus
can be modelled by the following functions:

V(r)=— (%) exp [Rg”’} , 0<bKR.
V(r) = — (%) S, m>3, 0<b<R




Interaction potentials and parameters used
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Solution and analysis

The Schrodinger equation has been written in a spherical coordinate system with the centre
coinciding with the position of the particle He?* particle, for the region external to the helium
core  (|Jr| > Ry and for the region located inside the helium core ([r| <Ry, as follows:

I:IO\DI — EO(He)\DIa |F| > R(H62+)a
HY11 = Egre) Vi, 7] < Riprez+)

The Hamiltonians: R 72 7762
f, = — A — 1—26’
2mo_ T
2 R(H€2+) —r
I:I _ h A — leQOé 6( 5 )
sz— R(H62+)

The one-dimensional equation in R(r) for the exterior region (exterior to the He> nucleus)

1d (TQd—R> WD) e 2 ey R =0

r2 h?
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Solution and analysis

After reducing the equation for the exterior wave function in our system to a one-dimensional radial
equation with dimensionless parameter p = r/a, and function V (p) = R(r)/r as per standard
procedure, the problem has been solved in the same way analogous to the solution of the regular
exterior solution obtaining:

fvm)_<m+4)_zazg

) V(p) — 26V(p) = 0

dp? p? p
Asymptotic behaviour of solution: We look for a solution in the form:
p—0 _ B o o
Vip) 0 e Vip) = p Z(Z bw’“) o
V(p) p— 00 - pne—ozp k=0
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— Solution and analysis

Vip) = g(p)e=*"

V/ — g/e—ap . age—ap

V// _ g//e—ap o ag/e—ap . ag'e_o‘p 4 a2ge—ozp
Substituting back into the differential equation for V:

[(l+1 2/17
(2)g+ 125
P P

g =) bu(k— Dot~
k=0

g—a’g=0

g”—QOJg,—l—OdQQ—

g" =D bi(k =)k —1—1)p"""
k=0
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— Solution and analysis

| Substituting back into the differential equatlon for V:
> bk —1)(k —l—l)le—QQZbk —DpF = prklz—{—QZlZQZbkp “l=1 =
k=0

k=0

UZE

Y ek =D(k—1—-1) =11+ 1)]p" 2 - RZ b [2a(k — 1) — 22,25 pP~ 71 =0

k=0— —I(—1—1)—1(l+1)=0

Renaming summation indices

K =k—1

i br+1 [(k — [+ 1)(k — Z) — Z(l + 1)] pk_l_l — by [QQ(]{ _ [) _ 22122] pk:—l—l —0

7/12/2025



7/12/2025

Solution and analysis

We obtain the iteration for b, :

20&(]6 — Z) — 22122

o = I D= =+ )™

k:nr—>bk+1:O

AVZ,
O =
N, — |
__ (LZ)
2(n, —1)?
B - (21226)2

 2a0(ny — 1)?



— Solution and analysis
We obtain the following form of the radial function:
Ty b r\ k Z1Z9
— —(+1) kY (L — =l ag
R(r) = Cy,r (,;)(bo) (a) ) e

(21226)2

E, = —
2a0(n, —1)?

Proceeding as per standard procedure and defining the principal quantum number 7
= n,.— [, we realize that the non-negativity requirement of both / and », implies that
there 1s no upper bound for our values of I:

n.>0,n.=n+1 This result 1s unphysical. Also noting that this solution 1s
not valid even for 1 = 0 as suggested by prof. Oks. In his
n > —l for any | case, the parameters 1 = 0 and n = 0 result in an infinitely

negative energy.
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ANALYSIS OF A REGULAR
— SOLUTION
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Conclusion

An attempt to obtain a physically grounded singular solution, following the analogy of Professor
Oks, was unsuccessful. The motivation was to obtain a quantum mechanical description of dark
atoms, which includes a description of both Bohr structures of the dark atom and structures

similar to Thompson structures, without the need to distinguish between them. This remains
the goal for future studies.
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